Motivated by a desire to shed light on the strong coupling behaviour of dimensions of "short" gauge theory operators we consider the famous example of folded spinning string in AdS 5 in the limit of small semiclassical spin parameter S = S √ λ
. In this limit the string becomes short and is moving in a near-flat central region of AdS 5 . Its energy scales with spin as E = λ 1/4 √ 2S [a 0 + a 1 S + a 2 S 2 + ...]. We explicitly compute the leading 1-loop quantum AdS 5 × S 5 superstring corrections to the short-string limit coefficients a 0 and a 1 and show, in particular, that a 1 receives a contribution containing ζ(3).
Introduction
The remarkable progress achieved recently in uncovering the integrable structure underlying the spectrum of planar N = 4 SYM theory or the free AdS 5 × S 5 superstring theory was largely limited to a sector of gauge theory operators with large number of fields/derivatives or strings with large values of quantum numbers like spins. It is important to try to learn more about dimensions/energies of "short" operators/strings and a step in that direction is to study quantum corrections to energies of strings carrying parametrically small values of spins.
With this motivation in mind here we revisit the computation of the 1-loop quantum correction to the energy of the prototypical example of rotating string -folded rotating string located at the center of AdS 5 [1, 2] .
The classical energy of this string is proportional to string tension, i.e. E 0 = √ λ E(S), S = S √ λ and in the limit of large S one finds [2] : E 0 = S + √ λ π ln S + .... In general, the radial coordinate ρ of the global AdS 5 space (ds 2 = − cosh 2 ρ dt 2 + dρ 2 + sinh 2 ρ dΩ 2 3 ) is expressed in terms of an elliptic function of the spatial string coordinate σ and thus finding the explicit form of the 1-loop correction [3] to the energy E 1 of this soliton solution of 2d string sigma model appears to be technically challenging. The analytic form of the quantum correction can be found in the limit of large S when the ends of the string reach the boundary of the AdS 5 . Then the solution drastically simplifies (ρ becomes linear in σ) [3, 4] and one finds that E 1 = c 1 ln S + ..., c 1 = − 3 ln 2 π . Since rotation of the string balances the contracting effect of its tension, smaller values of the spin correspond to smaller values of the length of the string whose center of mass is at ρ = 0: S essentially measures the length of the string. Since the AdS 5 space is nearly flat at the vicinity of ρ = 0, the slowly rotating (i.e. small) string with S ≪ 1 should have essentially the same classical energy as in flat space [2] , i.e. E 0 = 2 √ λS + .... Below we shall expand the general expression for the 1-loop correction to the energy of the spinning string in [3] (given by a sum of logarithms of determinants of the 2d second order differential operators depending on the string background) in the "short string" limit S ≪ 1 and find explicitly the coefficients of the first two leading terms in the small spin expansion of the 1-loop energy.
Our results can be summarized as follows. Given the energy E(S, λ) of the corresponding state in the AdS/CFT spectrum we may expand it at large λ with S = S √ λ fixed, i.e. in the semiclassical string limit. Expanding then in the limit S ≪ 1, i.e. S ≪ √ λ, and re-expressing E as a function of S and λ one is to find E(S, λ) = λ 1/4 √ 2S h 0 (λ) + h 1 (λ)S + h 2 (λ)S 2 + ... , (1.1) The leading √ 2S term has the same form as in the flat-space string theory, but its coefficient gets renormalized from its classical value 1. Classically, a short string in the middle of AdS 5 does not feel the curvature so its energy is the same as in flat space. In flat space the string fluctuations are essentially quadratic and massless (as happens in the in light-cone gauge). They thus decouple from the rotating string background (as we shall discuss explicitly for the Green-Schwarz string in covariant gauge in Appendix A below) and do not change the classical E = √ 4πT S expression (here T = 1 2πα ′ ). In curved space the bosonic fluctuations feel the curvature and as a result get mass depending on the string background; the fermionic fluctuations get similar mass due to their coupling to the RR 5-form background. While most of the resulting contributions to the leading √ 2S term in the energy cancel between the bosonic and fermionic terms, there is a nontrivial residue (proportional to the σ-derivative of the fermionic mass term) 1 leading to the non-zero value of the 1-loop a 01 coefficient.
Explicitly, (1.1) can be written as
In contrast to the large spin (or "long string") limit where the limits of large λ and large S appear to commute 2 (and thus one finds the same S dependence of the gauge theory anomalous dimension and string theory energy at both weak and strong coupling, E = S + f (λ) ln S + ...,
here one cannot directly continue (1.1) to small λ and small S.
Indeed, the anomalous dimensions of low-twist gauge-theory operators like tr(ΦD S + Φ) computed for small λ and fixed S (see, e.g., [5] ) and then formally expanded in small S limit scale as
where
To relate the "small-spin" string theory (1.1) and the gauge theory (1.6) expansions one would need to resum the series in both arguments (λ, S), e.g., first sum up the weak-coupling expansion in (1.6) and then re-expand the result first in large λ for fixed S = S √ λ and then in small S.
1 This contribution was missed in the original version of this paper. 2 The perturbative string theory and perturbative gauge theory limits are actually different as limits of functions on the two-parameter space (λ, S): in string theory one assumes λ ≫ 1 with S = S √ λ fixed and then takes S large; in gauge theory one assumes λ ≪ 1 with S fixed and then takes S large. However, this appears not to matter for the leading ln S term which can be described by a single universal interpolating function of λ (cusp anomaly).
In view of the need for this resummation which is, in fact, a generic situation in comparing the semiclassical string theory and the perturbative gauge theory expansions 4 it is not clear at the moment how to directly interpret our result (1.5) as a strong coupling limit of a gauge-theory anomalous dimension.
We shall start in section 2 with a review of the folded spinning string solution and its small spin expansion [2] .
In section 3 we shall first recall the general expression for the quadratic fluctuation Lagrangiañ L [3] of the AdS 5 × S 5 superstring [11] near the folded spinning string solution. We will then expand the coefficients inL in the small spin or short string parameter ǫ = √ 2S + .... This expansion may be viewed as a particular case of a near flat space expansion of the quantum AdS 5 × S 5 superstring. We will then compute the leading O(ǫ) term in the 1-loop string energy determining the coefficient a 01 in (1.4), (1.5) .
In section 4 we shall expand the 2d determinants that enter the expression for the 1-loop partition function to first two leading orders in ǫ and compute the value of the coefficient a 11 in (1.4), (1.5) .
In Appendix A we shall present the flat-space Green-Schwarz string analog of this computation showing explicitly (in a covariant κ-symmetry gauge) why the classical E = √ 4πT S expression is not renormalized by quantum fluctuations.
In Appendix B we shall briefly discuss how to generalise our computation to the case of the short string expansion of the folded spinning string solution which also carries a momentum J in S 5 [3] (details of this case are worked in the follow-up paper [16] ).
In Appendix C we shall mention a curious regularization scheme ambiguity which appears, in particular, when interchanging a sum with an integral in certain 1-loop terms.
Short string limit of folded spinning string solution
Let us start with a review of the classical solution for the folded string spinning in the AdS 3 part of AdS 5 ,
ρ varies from 0 to its maximal value ρ *
Thus ǫ measures the length of the string. The solution of the differential equation (2.2), i.e.
can be written in terms of the Jacobi function sn
The periodicity in σ implies the following condition on the parameters [2] 
The classical energy E 0 = √ λE 0 and the spin S = √ λS are found to be
Here we will be interested in the short string limit 0 < ǫ ≪ 1 in which
In the strict limit ǫ = 0 or κ = 0 we get ρ = ρ * = 0, so that the string shrinks to a point with E = 0.
1 From (2.7) we obtain in the small ǫ or the small S limit 9) so the short string limit corresponds to S ≪ 1 and the expansion of the energy looks like
For the purpose of computing the 1-loop correction to the energy to order O(S 3/2 ) we will need the expression for ρ(σ) to order ǫ 4 . Expanding the exact solution (2.5) in powers of ǫ we obtain
Other useful expansions are
13)
1 Note that in this limit the string disappears instead of reducing to a massless point particle with non-zero momentum moving along null geodesic. This corresponds in flat space to considering a massive string state in the rest frame (which is possible in covariant quantization). In contrast to the flat space case where adding a non-zero center of mass momentum can be achieved by a Lorentz boost, adding a motion of the spinning string center of mass in curved AdS 5 × S 5 space is a nontrivial operation (different parts of the string move along different geodesics) which leads in general to a new nontrivial configuration.
The above small spin expansion is an example of a near flat space expansion: the leading-order in ǫ solution can be identified with the folded spinning string solution in the flat space 15) where ǫ is an arbitrary constant amplitude. The energy and the spin then satisfy the usual flat-space Regge relation (we use string tension T =
In the flat space case this is the exact expression for any value of S (cf. (2.10)) which also does not receive quantum corrections (see Appendix A).
3 1-loop correction to √ S term in short string energy
Following [3] and expanding the AdS 5 × S 5 string action [11] in conformal gauge to quadratic order in fluctuations near the folded spinning string one findsS = − 
Here β u (u = 1, 2) are two AdS 5 fluctuations transverse to the AdS 3 subspace in which the string is moving, while ϕ, χ s (s = 1, 2, 3, 4) are fluctuations in S 5 .
The fermionic part of the quadratic fluctuation Lagrangian can be put into the form [3]
and can be interpreted as describing a system of 4+4 2d Majorana fermions with σ-dependent mass µ F . Let us briefly recall the derivation [3] of this expression. One starts with the quadratic fermionic term in the AdS 5 × S 5 action and fixing the conformal gauge √ −gg ab = η ab and the κ-symmetry gauge θ 1 = θ 2 = θ (where θ is a MW 10-d spinor) one gets
Identifying (t, ρ, φ) with the directions M = 0, 1, 2 and introducing ϑ as
one ends up with (3.3) where
1 Note that since ρ(σ) is periodic function, the same applies to α, i.e. the rotated fermions are periodic in σ just like the original ones. Note also that the fermionic mass term has its origin in the RR 5-form coupling term in the quadratic fermionic Lagrangian [11] .
Since ln det(
ln det(D F ) 2 we conclude that the fermionic contribution to the 1-loop string partition function is determined by the following second-order differential operator
where we used that
2 = 1 we can diagonalize this operator so we will end up with the following contribution to the 1-loop 2d effective action coming from 4+4=8 effective fermionic degrees of freedom:
Next, we expand the coefficients in the fluctuation Lagrangian in ǫ as discussed in the previous section. To leading order in ǫ we get
If we set ǫ to zero we are back to the flat space case (see Appendix A): indeed, the only two coupled modes that are not massless are then described bỹ
which becomes the Lagrangian for two massless modes after a τ -dependent rotatioñ
If we perform this rotation also at order ǫ 2 we getL B =L 0 + ǫ
whereL 0 is the same as in flat space and a nontrivial part of the subleading term is
The order ǫ contribution coming from ρ ′′ term in the effective fermionic mass in (3.8) will cancel out in the sum of the 4+4 fermionic contributions but there will be an additional ǫ 2 term coming from the double insertion of this term. Let us first ignore this extra ǫ 2 contribution coming from the presence of the µ
′′ term in the fermionic masses. Then one may argue on general grounds that the leading ǫ 2 part of 1-loop correction to string energy should vanish. Indeed, then the 1-loop correction to string energy will look like (assuming all propagators were diagonalized)
Since t = κτ, κ = ǫ + ... the 1-loop correction to string energy is given by
In general, M 2 i may be non-trivial matrices which depend on τ, σ. Let us now recall that the 1-loop logarithmic UV divergencies in the AdS 5 × S 5 superstring action expanded near an arbitrary string solution manifestly cancel in the conformal gauge [12, 3] . The nontrivial UV logarithmic divergencies have as their coefficient precisely the sum of the mass squared terms in the r.h.s. of (3.16);
5 it vanishes for a generic on-shell string background, thus implying the absence of the ǫ 2 term in the 1-loop string partition function (again, modulo the addional ǫ 2 contribution coming from ρ ′′ part that we are temporarily ignoring).
Let us now verify this cancellation by direct computation. For the contribution of the β u fields we get (rotating to euclidean time, τ → iτ , and factorizing the infinite time interval T )
We can now use perturbation theory in ǫ 2 , i.e.
(3.20)
Similarly, the ǫ 2 contribution of the fermionic modes coming from ρ ′2 term in (3.8) is proportional to
The nontrivial part of the euclidean partition function contributing to the ǫ 2 term under consideration is
involves the operator Q on the space of the three mixed fluctuationsρ,φ,t in (3.1)
Since there is no explicit τ dependence in the functional determinants we can write the relevant part of the 1-loop correction as
Let us now expand:
ω + ... , where
the remaining part ofΓ 1 may be written as
The second term here vanishes for the same reason why the rotation in (3.14) lead to the standard massless kinetic terms for the two originally coupled modes and thus to the trivial flat-space partition function. Indeed, the "mixed" 2 by 2 block contribution to ln det[Q
ω ] can be written as ln det[−∂
Under the integral over ω one can then shift ω by −i in one term and by +i in another to get the cancellation against other massless determinants. These separate shifts are thus consistent with the trivial (supersymmetric) result for Γ 1 in flat space, and we shall perform similar shifts of the corresponding terms in what follows (in particular in det[Q (0) ω ] contribution of the first term in (3.27)). To compute the first term in (3.27) we expand in ǫ as in (3.19)
The momentum-space propagator corresponding to
It can be diagonalized by a rotation
ω gets rotated into 
(3.31)
Thus finally (using that κ = ǫ + .., see (2.11))
Doing the opposite shifts of ω in each of the last two terms we conclude that the order ǫ = √ 2S + ... term inẼ 1 indeed vanishes, i.e.
The formal argument leading to (3.33) overlooked an important subtlety of IR divergences that we have so far postponed to discuss but which will become crucial below. Indeed, if the sum over n in (3.31) runs over all values from −∞ to +∞ one may get different results by interchanging the order of integration over ω and summation over n: the integral over ω has an IR divergence at n = 0.
In fact, as in the usual perturbative expansion near a soliton, there is an issue of possible IR singularities due to a zero mode associated to the translational symmetry σ → σ + σ 0 . In the present case of expansion in ǫ the "free" propagator is essentially the massless one on R × S 1 and thus the zero mode that is not damped in the path integral corresponds to n = 0. Its contribution can be either regularized by introducing a small mass or iǫ in the propagator as in [13] or by isolating the modes constant in σ in the path integral and thus not including the n = 0 contributions in the propagators (as is done, e.g., in quantizing a sigma model on a compact 2d space). This is the prescription we shall adopt here, i.e. the sums over n in (3.20),(3.21),(3.31) and (3.32) will be understood not to include the n = 0 term.
Let us now include the ǫ 2 contribution to the effective action coming from the ρ ′′ term in the fermionic mass that we so far ignored, i.e. compute δE 1 giving
where (to the leading order of expansion of masses in ǫ)
At order ǫ 2 the ρ ′′ = −ǫ sin σ + ... part of the fermionic mass contributes to Γ 1 the following term
Summing over n gives
and thus finally
which leads to the value of a 01 quoted in (1.4). term in the string energy
Let us now compute the next 1-loop correction to the short string energy: the coefficient a 11 of the S 3/2 term in (1.1) or (1.5). For that we shall consider the next order of the near flat space or ǫ → 0 expansion of the fluctuation Lagrangian (3.1),(3.3) . As in the previous section, we shall treat separately the contributions coming from the ρ ′′ terms in the effective fermionic mass terms in (3.8) (the reason is that while the expansion of ρ ′2 and similar mass terms contains only even powers of ǫ, the expansion of ρ ′′ contains both even and odd powers of ǫ).
Let us first ignore the contributions coming from the ρ ′′ terms and add them later. As in (3.19) we shall use that
Expanding the fluctuation Lagrangian in ǫ using (2.11), etc., we get
where the ǫ 4 terms in the masses and the mixing terms are The computation of the ǫ 4 term in (4.1) coming from the coupled bosonic part gives
(4.6) 
(4.7)
The single fermionic field gives just half of this contribution (up to the sign). Putting together all of the contributions of the type ǫ 4 Tr[A −1 C] we get
(4.8)
Now let us compute the contributions of the type
. Let us start with the decoupled fields β u . Using the form of the O(ǫ 4 ) correction to the corresponding mass we get
As discussed at the end of the previous section, to project out the zero mode contribution the sums over n in the massless propagators should not include the n = 0 point. Thus the sum in (4.8) should be over all n = 0. In computing the integrals over σ in (4.9) we have formally shifted n by ±2, so the last line in the above equation should be understood as a combination of the three sums where in the first sum n = 0, in the second n = 0, 2 and in the third n = 0, −2.
The corresponding fermionic contribution is essentially 1 4 of (4.8), as µ 
To compute this expression we again first diagonalize the propagator matrix and then integrate over σ. Putting together all the contributions from the two insertions of the ǫ 2 perturbations and adding the contribution with single ǫ 4 insertion (4.8) we get the following result for the 1-loop effective action to order ǫ 4 (without yet including the ρ ′′ fermionic mass term contributions)
Again, this expression should be understood as a combination of sums over n where the values of n for which the effective (shifted) value of n vanishes should be projected out as it came from the original n i in the propagator after doing the integral over σ and shifting the summation index. For example, we have
(4.12)
The first three terms in (4.11) can be simplified as in (3.32) by doing separate shifts of w by ±i in the last two terms; this gives
Similar separate shifts of w under the integral ∞ −∞ dω can be used to transform some other terms in (4.11). For example, we get
Using the identity
and shifting ω in terms containing only propagator factors with (ω ± i) one finds that
(4.15)
The second line above comes from the unshifted terms, while the third line from the ω-shifted terms. Let us mention that to arrive to the result in the last line in (4.15) we have assumed the prescription in which the sums over n (in infinite limits) are computed before doing the integral over ω so that one is allowed to do shifts of the summation index n. If one would instead assume that the integral over ω (in infinite limits) is done before the evaluation of the sums the result would be different. 1 We shall discuss the origin of this ambiguity in Appendix C.
Performing similar shifts of ω and n in the last two lines in (4.11) we get 16) where the final term should be summed over n = 0, 2.
Collecting the above expressions we get for (4.11)
The result is UV finite as expected [3] . It is also IR finite (which would not be the case if the zero mode contributions were not properly projected out). The integrals over ω give
As discussed above we need first to compute the sum and then the integral. Remarkably, the sum over n of S n in (4.19) can be performed exactly and we obtain
To compute
The first integral can be performed using residues theorem on a contour that includes the real axis and a semi-circular loop going to infinity in the upper half plane; the simple poles are at ω = in, n > 0. We obtain
coth πω) the other integral is just
Collecting these expressions we obtain the following result for (4.11)
Let us now include the extra contributions due to the ρ ′′ terms in the fermionic masses in (3.8): according to (3.7) the non-trivial part of the full 1-loop fermionic contribution is (after Fourier transform in time direction)
Recalling that
and since the full expression is symmetric under ρ ′′ → −ρ ′′ we conclude that ρ ′′ terms contribute only at even orders in ǫ. The extra contributions that we need to compute at order ǫ 4 are the following
where in our case we have
The additional contribution to (4.27) is then
The explicit computation of these terms gives
and
coth πω
According to the prescription already used above we have performed the sums first and then the integral over ω. Collecting the three contributions we obtain for (4.31) Performing the integral over ω we find
To obtain the total 1-loop energy we need to add the contributions in (4.26) and (4.36), Γ 1 (ǫ 4 ) + δΓ 1 (ǫ 4 ), and also to express κ and ǫ in terms of the spin. As a result, we finally obtain the following 1-loop correction
which leads to the value of the coefficient a 11 quoted in (1.4).
Note Added
A different calculation of the 1-loop correction to the folded string energy in the small spin limit was recently carried out, partly using numerical evaluation, by N. Gromov (private communication). It led to the same structure of the expansion of the energy (1.1) as found here but apparently with somewhat different coefficients than in (1.4) . This disagreement may be related to our prescription of projecting out the zero mode contribution.
Appendix A: Vanishing of 1-loop correction to folded string energy in flat space
Here we shall show the vanishing of the 1-loop correction to the folded string energy in flat space by using the GS formalism in the covariant κ-symmetry gauge.
In the flat space
the folded string solution in the conformal gauge is (here ǫ is an arbitrary constant)
Equivalently, x 1 = ρ cos φ = ǫ sin σ cos τ, x 2 = ρ sin φ = ǫ sin σ sin τ . The bosonic part of quadratic fluctuation Lagrangian in the conformal gauge is
After the rescalingρφ =φ this becomes
Performing further the rotationρ = η 1 cos τ + η 2 sin τ,φ = −η 1 sin τ + η 2 cos τ, this becomes the Lagrangian for free massless bosons
Starting with the quadratic part of the GS superstring action in fermions in flat space in general coordinates
, and fixing the κ-symmetry gauge as
we get
The induced metric for the above classical solution is, of course, conformaly flat
Then labeling the coordinates as (X 0 , X 1 , X 2 ) = (t, ρ, φ) we get
and thus
After the rotationθ = e
the fermionic operator becomes
Finally, rescalingθ = 1 √ ǫ cos σ ϑ we end up with the action for ϑ with the free massless Dirac operator
Thus both the bosonic and the fermionic fluctuations decouple from the background and cannot contribute to the classical relation between the energy and the spin, E = We get (cf. (2.6),(2.7)) [3]
To consider the short string limit we should expand in small ǫ while keeping ν arbitrary. Then we find
i.e.
The short string limit ǫ ≪ 1 [3] can thus be achieved by, e.g., considering a slowly spinning string S ≪ 1 or by assuming large momentum in S 5 , i.e. ν ≫ 1. The latter is the fast string or BMN-like limit while the former may be called a near flat space limit in which ν may be kept arbitrarily small.
Below we shall concentrate on the short string limit ǫ ≪ 1. If we further assume that ǫ ≪ ν then the classical energy will be
If we then expand in large ν ≫ 1 that will correspond to the usual fast short string limit where one takes ν large at fixed
and then expands in
In the slow short string limit we have ǫ ≪ 1, S ≪ 1; if we assume in addition that the S 5 rotational energy is smaller than the spinning one, then ν ≪ √ S ≪ 1. In this case ν ≪ ǫ which is opposite to the above assumption that led to (B.7). Here we get ǫ
+ ... so that the classical energy has a "near flat space" expansion form
The fluctuation Lagrangian will now have 4 of S 5 fields having mass ν 2 and while the masses of the other fluctuation fields become [3] (cf. (3.1),(3.2),(3.3)):
One can then compute the 1-loop correction to string energy by expanding in the short string limit, i.e. in ǫ ≪ 1 while keeping ν fixed. Expanding the masses and the coefficients in the mixing term in the fluctuation Lagrangian we get the following expression for the 1-loop effective action (cf. (3.23)-(3.27))
where now
and the mixing term operator Q ω is given to order ǫ 2 by the following matrix (i = 1, 2, 3)
So far we considered ǫ ≪ 1 with ν arbitrary. Next, we may specify either to the fast short string case (ν ≫ ǫ) or to the slow short string case (ν ≪ ǫ). In the fast string case we get
ω + ... where
We can again diagonalize the propagator matrix
where M is the same as in (3.30) . Similarly, This can be seen right away, of course, by performing opposite n-shifts, i.e. n → n ± 1 in the two terms in R n (ω). Curiously, if instead we perform the integral over ω first, and then do the sum we obtain Y = −2π .
(C.5)
Looking in more detail at the origin of this ambiguity one discovers that it may be interpreted as a UV regularization anomaly. Indeed, if we replace the sum over n by an integral, and introduce cutoffs N and L for the integral over n and ω respectively, we obtain In this paper we have chosen to perform the sums first as this is is a natural prescription to dealt with the corresponding 2d functional determinants on R × S 1 .
In the absence of 2d Lorentz covariance (broken by our background and by the topology of the world sheet) it is not a priori clear which regularization should be preferred: that choice may be hidden in how one should implement the global symmetries of the superstring theory at the quantum level. One possibility is to demand that since this regularization ambiguity has UV nature, the regularization on the world-sheet cylinder R × S 1 should be the same as on R 1,1 , i.e. on the infinite plane which appears in the long string limit. That would suggest that a UV cutoff should be imposed in the 2d Lorentz-invariant way, i.e. ω 2 + n 2 > Λ 2 , Λ → ∞. Setting ω = p cos ϕ, n = p sin ϕ with p < Λ and integrating first over ϕ from 0 to 2π we get 0 (assuming analytic continuation from relevant region of large p). Thus we end up with the same result as in the regularization we have preferred above in the main text.
